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Abstract. In this paper we derive new properties complementary to an 2n×2n Brualdi-Li
tournament matrix B2n. We show that B2n has exactly one positive real eigenvalue and
one negative real eigenvalue and, as a by-product, reprove that every Brualdi-Li matrix has
distinct eigenvalues. We then bound the partial sums of the real parts and the imaginary
parts of its eigenvalues. The inverse of B2n is also determined. Related results obtained in
previous articles are proven to be corollaries.
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1. Introduction
For a matrix or vector X , let X∗ and Xt stand for the transpose conjugate and
the transpose, respectively. An n× n zero-one matrix A is tournament if
(1.1) A+At = J − I,
where J is the all ones matrix. A 2n × 2n tournament matrix T is almost regular
if it has n row sums equal to n− 1 and n row sums equal to n. In [3], Brualdi and
Li conjectured that for each n, the 2n× 2n tournament matrix that maximizes the
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where Un denotes the matrix with all ones above the main diagonal, and all zeros
on and below the diagonal (this matrix is often called the n × n transitive tourna-
ment). Notice that B2n is an almost regular tournament matrix. To the best of
our knowledge, the conjecture is still open. However, there has been great progress
made on it. A strong result about this conjecture was obtained by Kirkland [13],
who proved that, for sufficiently large even n, a tournament matrix T which maxi-
mizes the Perron value must be almost regular. More results about the Perron value
and its asymptotic related properties can be found in [14], [15]. Motivated by the
conjecture on the maximal spectral radius property of the Brualdi-Li matrix B2n,
we derive further properties of this matrix, which, we think, can help in considering
the conjecture.
For an n× n tournament matrix A, the vector s = A · 1 is called the score vector
of A, and if s = (n− 1)/2 · 1, then A is said to be regular. The score vector can
be used to obtain information about eigenvalues of A, see [16], [18]. Note that the
score vector s satisfies st · 1 = n(n − 1)/2 and sts > n(n − 1)2/4 with equality if
and only if it is regular. These properties are useful in localizing the eigenvalues of
a tournament matrix.
Tournament matrices have been well studied in the past decades (see [2], [6], [7],
[9], [23] and their references). A wealth of literature focuses on deriving algebraic
or combinatorial attributes of the matrices because of their interplays between ma-
trix/graph theoretic and spectral properties [1], [2], [6], [16], [20], [23]. Originally
Brauer and Gentry [1], [2] showed that if λ is an eigenvalue of a tournament ma-
trix A of order n, then −1/2 6 Reλ 6 (n− 1)/2 and |Imλ| 6
√
n(n− 1)/6. Then
Moon and Pullman extended their idea to derive similar results for the generalized
tournament matrices [21]. And, subsequently, Maybee and Pullman [18] considered
more general matrices, the pseudo-tournament matrices, in which they introduced
h-hypertournament matrices and showed that −1/2 6 Reλ 6 (n− 1)/2 for the
h-hypertournament matrices.
In Section 2 we describe the preliminaries and fundamentals and then, in Section 3,
we consider the distribution of the eigenvalues of the Brualdi-Li matrix B2n and
bound the partial sums of the real parts and imaginary parts of the eigenvalues
of B2n. The inverse of B2n is obtained in Section 4. Several results obtained in the
previous articles are proven to be special cases to the ones obtained in this paper.
For convenience, except the notations mentioned above, we will also use the fol-
lowing ones:
C
n(Rn): the n-dimensional complex (real) Euclidean vector space,
λi(A): the i-th eigenvalue of matrix A,
Reλi(A): the real part of λi(A),
136
Imλi(A): the imaginary part of λi(A),
J = 1 · 1t: the all ones matrix of an appropriate size,
̺(A): the spectral radius of matrix A (the Perron value, if A is nonnegative),
‖·‖2: the Euclidean norm.
In addition, for an n× n matrix A we assume that
Reλ1(A) > Reλ2(A) > . . . > Reλn(A),
Imλi1 (A) > Imλi2 (A) > . . . > Imλin(A),
where {i1, i2, . . . , in} is a permutation of {1, 2, . . . , n}.
2. Preliminaries and lemmas
In this section we describe the fundamentals that are crucial for our consideration.
Lemma 2.1. Let x = (x1, x2, . . . , xn)
t and y = (y1, y2, . . . , yn)
t be two vectors
in Rn satisfying
x1 > x2 > . . . > xn, y1 > y2 > . . . > yn.
Then the following four statements are equivalent:


























ϕ(yi), for any continuous convex function ϕ;
(d) there exists an n× n Hermitian matrix with eigenvalues x1, x2, . . . , xn and di-
agonal elements y1, y2, . . . , yn.
P r o o f. A proof of the equivalences of statements (a), (b), and (c) is shown in [8];
the equivalence of statements (a) and (d) is proven in [10], [19]. 
The Perron value of an almost regular tournament matrix has been well studied.
Let Tmax be an almost regular tournament matrix that has the maximum spectral
radius over all 2n × 2n tournament matrices. Then combining the result obtained












where 0.375 . . . 6 γn 6 0.380797 . . . The following lemma was originally obtained by
Kirkland in [16] and subsequently also by Savchenko (see Acknowledgement). We
will use this lemma in bounding the partial sums of the real parts of the eigenvalues
of an almost regular tournament matrix later in the paper.
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The following lemma is applied to bound the partial sums of the real parts and
the partial sums of the imaginary parts of the eigenvalues of a tournament matrix.
Lemma 2.3. Let A be an n×n tournament matrix. Then there exists a collection
of numbers q1, q2, . . . , qn satisfying 1 > q1 > q2 > . . . > qn > 0 and
∑
j
qj = 1 such
that








, k = 1, 2, . . . , n− 1,
and, in particular, −1/2 6 Reλn(A), Reλ1(A) 6 (n− 1)/2.






, j = 1, 2, . . . , n.









qj = 1. The claim follows trivially from these
facts. 
From Lemma 2.3, one sees that for an n× n tournament matrix A, the equality
(2.1) Reλk(A) + Reλk−1(A) + . . .+Reλ1(A) =
n− k
2
, k > 1
holds if and only if A has at least n− k eigenvalues with real part equal to −1/2. In
[17], Theorem 3, Kirkland and Shader derived if and only if conditions that a tour-
nament matrix satisfies ̺(A) = (n− k)/2 and λj(A) = 0, j = 2, 3, . . . , k. Since their




, j = k + 1, k + 2, . . . , n.









n− 2k + 2
4
− p, ∀ 2 6 k 6 n,
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where p is a real number. This property will be used to bound the (partial) sums of
the real parts of the eigenvalues of A later in this paper.
3. The distributions and bounds of the eigenvalues of B2n
In [9] Kirkland derived several eigen-properties of Brualdi-Li matrix B2n and
showed that every Brualdi-Li matrix has distinct eigenvalues and so it is diagonaliz-
able. In this section we derive further properties of this matrix and, as a by-product,
reprove that every Brualdi-Li matrix has distinct eigenvalues.
Theorem 3.1. The Brualdi-Li matrix B2n has exactly one real positive eigen-
value, one real negative eigenvalue, and its all other eigenvalues are distinct complex
numbers with negative real part and satisfy
−1
2











P r o o f. From Lemma 2.3 we have Reλ2(A)+λ1(A) 6 (2n− 2)/2. Applying the































Because B2n is known to have distinct eigenvalues [9], it suffices to show that B2n
has exactly one real negative eigenvalue λ2. From Theorem 5 of [9], the characteristic
polynomial c(λ) of B2n is given by




(n− 1− 2j)(λ+ 1)2(n−j−1)λ2j .
Rewriting c(λ) we have




























(n− 1− 2j)[fj(λ)− fj(−λ− 1)],
where fj(λ) = (λ + 1)
2(n−j−1)λ2j .
Noting that if λ 6 −1/2 + (2n)−1/(1 +
√
1− 1/n2), then
















− 1 < 0,









= 2(n− j − 1)(λ+ 1)2(n−j−1)−1λ2j + 2j(λ+ 1)2(n−j−1)λ2j−1
= 2(λ+ 1)2(n−j−1)−1λ2j−1((n− 1)λ+ j) > 0,
we see that fj(λ) is strictly increasing. This implies that the function g(λ) = fj(λ)−




(n− 1− 2j)[fj(λ)− fj(−λ− 1)].
By this property and noting that B2n has exactly one positive eigenvalue, c(λ) = 0
has exactly one real negative root. Therefore, combining this result with Theorem 3
of [9] we conclude that B2n has exactly one real positive eigenvalue and one real
negative eigenvalue, and its all other eigenvalues are distinct complex numbers with
negative real part. 
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Theorem 3.2. Let λ 6= 0 and (λ+ 1)/λ = ez. Then λ is an eigenvalue of
the Brualdi-Li matrix B2n if and only if z is a solution of the following hyperbolic
equation:






P r o o f. From the proof of Theorem 3.1, the characteristic polynomial c(λ) of
B2n can be rewritten as




































































cosh(n− 2j − 1)z.



















differentiating both sides of the above identity and then proceeding a simple manip-











2(cosh z − 1) .
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Since e−nz = coshnz − sinhnz, we have
n coshnz sinh z − sinhnz cosh z
sinh2 z
=
− sinhnz + coshnz













cosh z − sinh
2 z





(cosh z − 1)












⇐⇒ tanhnz · tanh z
2
= 2n− coth z
2
.
Noting that if λ is the real negative eigenvalue of B2n from Theorem 3.1, we have




−e−x − 1 .
If λ is the real positive eigenvalue (the Perron value) of B2n, then we may let z =
x > 0 so that (λ+ 1)/λ = ex, which implies
λ =
1
ex − 1 .
The prove is thus completed. 
Remark 3.1. One can easily show that equation (3.1) has 2n distinct roots and
among them there are exactly one real positive root and one real negative real root.
Therefore, Theorem 3.2 implies that B2n has 2n distinct eigenvalues, generating an
alternative proof of Theorem 3 of [9].
In the following we derive the upper bounds on the partial sums of the real parts
and the imaginary parts of the eigenvalues of B2n. Since B2n has exactly 2n − 2
eigenvalues with nonzero imaginary parts, we will only take care of the n−1 positive
imaginary parts of the complex eigenvalues.
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, ∀ k, 2 6 k 6 2n,














, ∀ k, 1 6 k 6 n− 1,
where Imλij (B2n) > Imλij+1 (B2n) > 0, for all 1 6 j 6 n− 1.
P r o o f. By combining Theorem 3.1 and Lemmas 2.2 and 2.3, it is easily checked
that the partial sums of the real parts of the eigenvalues of B2n satisfy the inequalities
asserted. Below we consider the imaginary parts. By the Schur decomposition











































We now determine the eigenvalues of Pn and consider the eigenvalues of the following
“shifted” matrix:
I + 2iPn = I + B2n −Bt2n =
(
I + Un − U tn U tn − Un − I









where Vn = I + Un − Un, for example, if n = 4, then















1 1 1 1 −1 −1 −1 −1
−1 1 1 1 1 −1 −1 −1
−1 −1 1 1 1 1 −1 −1
−1 −1 −1 1 1 1 1 −1
1 −1 −1 −1 1 1 1 1
1 1 −1 −1 −1 1 1 1
1 1 1 −1 −1 −1 1 1




























0 1 0 . . .
0 0 1 . . .
. . .











from [4], Probl. (4) on p. 84, ηn = −I and η has eigenvalues σj = cos ((2j − 1)π/n)+
i sin ((2j − 1)π/n), j = 1, 2, . . . , n. This implies that the eigenvalues of Vn are λ′j =
2/(1− σj). On the other hand, it is easily checked that Vn is a normal matrix. So
we have




{(λ− λ′j)2 + |λ′j |2},
and therefore, λj(I +2iP ) = λ
′
j ± i|λ′j |, j = 1, 2, . . . , n. Through a simple calculation
we obtain that λ′j = 1+i cot ((2j − 1)π/(2n)) and |λ′j | =
√
1 + cot2 ((2j − 1)π/(2n)),
and so plugging these values into the equations yields













































, j > n.
Plugging these expressions into (3.2) results in the proof of the theorem. 
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Notice that in Theorem 3.3, when k = 1, the upper bound coincides with Pick’s
bound derived in [7], that is, Imλi1 (B2n) 6
1
2 cot(π/(4n)).
Corollary 3.1. Let λ1(B2n) and λ2(B2n) be the positive and negative eigenvalues


































P r o o f. From the characteristic polynomial c(λ) of B2n (see the proof of Theo-






































































λj(B2n) = 2. The rest of proof follows from Theorem 3.1. 
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4. The inverse of Brualdi-Li matrix B2n
In this section we derive the inverse of Brualdi-Li matrix B2n. For the sake of






0 1 0 . . .
0 0 1 . . .
. . .

















where a is the (2n−1)-dimensional zero-one column vector whose first n entries are 0
and the last n − 1 entries are 1, and b is the (2n− 1)-dimensional zero-one column
vector whose first n − 1 entries are 1 and the last n entries are 0. For example, if
















0 1 1 1 0 0 0 0
0 0 1 1 1 0 0 0
0 0 0 1 1 1 0 0
0 0 0 0 1 1 1 0
1 0 0 0 0 1 1 1
1 1 0 0 0 0 1 1
1 1 1 0 0 0 0 1

























where T is an (2n− 1)× (2n− 1) matrix and y is a number. Comparing both sides
we get
axt + CT = I2n−1, ay + Cz = 0, x
t + btT = 0, y = 1− btz.
Combining the second and fourth equations, we have a(1 − btz) + Cz = 0 =⇒
a = (abt − C)z, and z = (0, . . . , 0,−1)t, and so y = 1 − btz = 1. Observing
that B2n = (bi,j) satisfies bi,j = bn+1−j,n+1−i, its inverse also has this property.
This implies that we must have xt = −btT = (−1, 0, . . . , 0). So from the equation
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(C − abt)−1 z
)
= (b′i,j),







Making use of the property b′i,j = b
′
n+1−j,n+1,i and performing simple calculations

















1−n 0 0 ... 0 0 0 ... 0 0 n−1
1 2−n 1 ... 1 2−n 1 ... 1 1 0









1 1 ... 2−n 1 ... 1 2−n 0
2−n 1 1 ... 1 2−n 1 ... 1 0









1 1 ... 2−n 1 1 ... 1 2−n 0















where, in the left-bottom block, the elements (2 − n) are along three lines parallel
to the main diagonal, the first starting from the position (1, 2), the second from


















−3 0 0 0 0 0 0 3
1 −2 1 1 −2 1 1 0
1 1 −2 1 1 −2 1 0
1 1 1 −2 1 1 −2 0
−2 1 1 1 −2 1 1 0
1 −2 1 1 1 −2 1 0
1 1 −2 1 1 1 −2 0

















(i) The inverse of the Brualdi-Li matrix B2n is given by (4.2).
(ii) Let σ1 and σ2n be the largest and the least singular values of B2n, respectively.
Then









P r o o f. From Lemma 2.2, we have that (2n− 2)/2 < λ1(B2n) 6 σ1. On the
other hand, since σ21 = ||B2n||2 6 ||B2n||1||B2n||∞ = n2, we have n− 1 < σ1 < n.
We now turn to the second part. From the last row and the first column of matrix
(4.2) we have
σ−12n 6 (‖B−12n ‖∞‖B−12n ‖1)1/2 =
4n− 5
n− 1 = 4−
1
n− 1 .





2n )11 = 2.
Combining the two bounds yields the assertion. 
5. Concluding remarks
In this paper we derived further properties of the Brualdi-Li tournament matri-
ces B2n. We considered the distribution of their eigenvalues and derived bounds on
the partial sums of the real parts and imaginary parts of the eigenvalues of B2n.
The inverse of B2n is also obtained. Several results obtained in previous articles are
proven to be special cases to the ones provided in this paper.
Acknowledgement. The authors would like to thank Professor Richard Brualdi
for his talk at the 2006 Aveira Graph Spectra Workshop and Professor Steven Kirk-
land for his paper [16], and Edwin Flórez Gómez for his helpful discussion and
comments on some of the results. The authors are also indebted to the referee’s
insightful comments and valuable suggestions towards improving the presentation of
this paper.
References
[1] A.Brauer, I. C.Gentry: Some remarks on tournament matrices. Linear Algebra Appl. 5
(1972), 311–318. zbl MR
[2] A.Brauer, I. C.Gentry: On the characteristic roots of tournament matrices. Bull. Am.
Math. Soc. 74 (1968), 1133–1135. zbl MR
[3] R.Brualdi, Q. Li: Problem 31. Discrete Mathematics 43 (1983), 329–330.
[4] P. J. Davis: Circulant Matrices. Pure & Applied Mathematics. John Wiley & Sons, New
York, 1979. zbl MR
[5] S.Friedland: Eigenvalues of almost skew symmetric matrices and tournament matrices.
Combinatorial and Graph-Theoretical Problems in Linear Algebra (R.A.Brualdi et al.,
eds.). Proceedings of a workshop held at the University of Minnesota, USA, 1991, IMA
Vol. Math. Appl. 50, Springer, New York, 1993, pp. 189–206. zbl MR
[6] D.A.Gregory, S. J. Kirkland: Singular values of tournament matrices. Electron. J. Lin-
ear Algebra (electronic only) 5 (1999), 39–52. zbl MR
148
[7] D.A.Gregory, S. J. Kirkland, B. L. Shader: Pick’s inequality and tournaments. Linear
Algebra Appl. 186 (1993), 15–36. zbl MR
[8] G.H.Hardy, J. E. Littlewood, G. Pólya: Inequalities. Cambridge Mathematical Library,
Cambridge Univ. Press, Cambridge, 1952. zbl MR
[9] R.Hemasinha, J. R.Weaver, S. J. Kirkland, J. L. Stuart: Properties of the Brualdi-Li
tournament matrix. Linear Algebra Appl. 361 (2003), 63–73. zbl MR
[10] A.Horn: Doubly stochastic matrices and the diagonal of a rotation matrix. Am. J. Math.
76 (1954), 620–630. zbl MR
[11] R.A.Horn, C. R. Johnson: Matrix Analysis. Cambridge University Press, Cambridge,
1991. zbl MR
[12] S.Kirkland: An upper bound on the Perron value of an almost regular tournament
matrix. Linear Algebra Appl. 361 (2003), 7–22. zbl MR
[13] S.Kirkland: A note on Perron vectors for almost regular tournament matrices. Linear
Algebra Appl. 266 (1997), 43–47. zbl MR
[14] S.Kirkland: A note on the sequence of Brualdi-Li matrices. Linear Algebra Appl. 248
(1996), 233–240. zbl MR
[15] S.Kirkland: On the minimum Perron value for an irreducible tournament matrix. Linear
Algebra Appl. 244 (1996), 277–304. zbl MR
[16] S.Kirkland: Hypertournament matrices, score vectors and eigenvalues. Linear Multilin-
ear Algebra 30 (1991), 261–274. zbl MR
[17] S. J. Kirkland, B. L. Shader: Tournament matrices with extremal spectral properties.
Linear Algebra Appl. 196 (1994), 1–17. zbl MR
[18] J. S.Maybee, N. J. Pullman: Tournament matrices and their generalizations. I. Linear
Multilinear Algebra 28 (1990), 57–70. zbl MR
[19] L.Mirsky: Inequalities and existence theorems in the theory of matrices. J. Math. Anal.
Appl. 9 (1964), 99–118. zbl MR
[20] J.W.Moon: Topics on Tournaments. Holt, Rinehart and Winston, New York, 1968. zbl MR
[21] J.W.Moon, N. J. Pullman: On generalized tournament matrices. SIAM Rev. 12 (1970),
384–399. zbl MR
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